Length scales of eddies involved in the power generation of infinite wind farms are studied by analyzing the spectra of the turbulent flux of mean kinetic energy (MKE) from large eddy simulations (LES). Large-scale structures with an order of magnitude bigger than the turbine rotor diameter (D) are shown to have substantial contribution to wind power. Varying dynamics in the intermediate scales (D-10D) are also observed from a parametric study involving interturbine distances and hub height of the turbines. Further insight about the eddies responsible for the power generation have been provided from the scaling analysis of two-dimensional premultiplied spectra of MKE flux. The LES code is developed in a high Reynolds number near-wall modeling framework, using an open-source spectral element code Nek5000, and the wind turbines have been modelled using a state-of-the-art actuator line model. The LES of infinite wind farms have been validated against the statistical results from the previous literature. The study is expected to improve our understanding of the complex multiscale dynamics in the domain of large wind farms and identify the length scales that contribute to the power. This information can be useful for design of wind farm layout and turbine placement that take advantage of the large-scale structures contributing to wind turbine power.
I. INTRODUCTION
Large organized arrays of wind turbines stretching over a span of tens of kilometers in the horizontal direction, commonly known as wind farms [1] [2] [3] , have been conventionally used to extract wind energy from the atmospheric boundary layer (ABL) over the past two decades. Efficient design and operation of large wind farms not only requires the presence of high mean wind speedŪ (annual mean) at hub-height location, but also benefits from specific considerations regarding wind turbine position, e.g., the interturbine streamwise and spanwise distance, staggered versus aligned arrangements, etc. [4] [5] [6] [7] [8] . The dynamics of the power extraction by the wind turbines in a farm are very different and far more complicated than those of a stand-alone turbine [9] [10] [11] . As an example, our recent study [12] has revealed that large-scale structures with length scales of the order of ten turbine rotor diameters (D) made a significant contribution to the power generated by the wind turbines in a farm, which have not been observed so far in lone-standing turbines. While the presence of length scales ∼D contributing to the turbine power in wind farms is intuitive and was reported recently [11, 13] , the current literature lacks an organized study on the contributions of still larger scales of motion ( D) in the wind farms.
Large-scale structures near the wall are known to carry significant amounts of turbulent kinetic energy and Reynolds stresses in wall-bounded turbulence and were the subject of many recent studies in canonical and boundary layer flows [14] [15] [16] [17] [18] [19] [20] , but not so much is known about the behavior of such structures in the region of wind turbine wakes. Understanding the physics of large-scale structures and their organization (coherence) influencing the wind turbines is important for characterization of wind turbine wake dynamics and power generation.
These structures can also potentially serve as an important metric apart from the hub-height mean wind speed in selecting land locations of wind farms.
Large wind farms are usually studied as infinite wind farms in the asymptotic limit [9, 21, 22] , invoking streamwise-spanwise homogeneity through periodic boundary conditions. In this framework, the flow is "fully developed" and the wind turbine array imposes an additional geometric roughness z 0,hi , and friction velocity u * ,hi (scales with streamwise-pressure gradient as u 2 * ,hi /H = − 1 ρ ∂p/∂x [9] ), which are higher than the bottom wall aerodynamic roughness z 0,lo and wall friction velocity u * ,lo = √ τ w /ρ (τ w is the wall-shear stress) imposed by the topography of the land [23] [24] [25] [26] . The wind turbine array roughness z 0,hi ∼ z h /s x s y is influenced both by the turbine hub-height z h , as well as nondimensional streamwise, spanwise turbine spacing parameters s x , s y (s x D,s y D are the physical turbine spacings in multiples of the rotor diameter D). Analogous to the rough wall boundary layer flows, the concept of infinite wind farms provides a consistent way to study the influence of vertical physics in ABL turbulence due to the presence of wind turbines [9, 12, 27, 28] . Previous literature have also illustrated the dominance of the vertical physics compared to the homogeneous horizontal counterpart in very large wind farms and have established that the vertical entrainment of mean kinetic energy (MKE) through turbulent shear stress flux, is responsible for the power generated by the turbines [9, 21, 22, 28, 29] . To the authors knowledge, there was only one recent study on large wind farms that commented on the presence of large-scale energetic counter-rotating roller modes in kinetic energy entrainment deduced by Proper Orthogonal Decomposition (POD) [30] , despite the fact that large-scale organizations in MKE transport play a significant role in the power generated in large farms. In this work, we aim to analyze the physics of the large-scale structures in wind farms and investigate how they are influenced by the important farm design parameters, like wind turbine hub-height z h , and the nondimensional streamwise, spanwise interturbine distances (s x ,s y ). It must be appreciated that the present work focuses on the global transport of the MKE flux in the computational domain, from the top wake region, z h + D/2, to the bottom wake region, z h − D/2, or vice-versa, and does not attempt to comment on how they correlate to the localized energy transfers in the wind turbine rotor region. This study is expected to improve the understanding of the MKE transport responsible for wind turbine power and the length scales involved, and also elucidate toward an efficient wind farm design that could position the wind turbines to systematically utilize the large-scale structures near and around them. The numerical studies in this work involving wind farms in ABL at Re ∼ O (10 10 ) are performed in a framework of large eddy simulations with near-wall modeling. The wind turbine forces are modeled using the state-of-the-art actuator line model [31] , without resolving the turbine blades. Additionally, the use of periodic boundary conditions in our computations allows us to use Fourier transform in the horizontal directions and define the length scales (wavelengths) as the inverses of wave numbers k x ,k y .
The rest of the paper is organized as follows. In Sec. II, we document the numerical methods, where we provide the details of the spectral element method and the large eddy simulation method with the near-wall modeling, followed by the description of the computational domain with the list of the LES simulations performed. In Sec. III, we present the results of the turbulent statistics in the periodic wind farms as well as the spectral analysis with the comments on the length scales involved in power generation. In Sec. IV, we discuss the conclusions from our key findings.
formulation (see Ref. [33] for more details). The domain is partitioned into hexahedral elements in 3D, and within each element any variable can be expanded into a series of orthogonal basis functions (Lagrange-Legendre polynomials) with the grid points clustered toward the element boundaries known as Gauss-Lobato-Legendre (GLL) points, which are essentially the roots of the basis function polynomials. For smooth solutions, exponential convergence can be achieved with increasing order of the polynomials. The current algorithm was optimized to achieve perfect scalability in parallel implementation for up to 1 000 000 processors [32] .
A. Subgrid-scale model for large eddy simulations
The spatially filtered 3D Navier-Stokes equations for LES of wind turbine arrays in neutrally stratified ABL flows can be obtained by incorporating a convolution integral filter on the original Navier-Stokes equations,
Here, u is the filtered velocity vector, p * is the modified pressure [34] , and F x is the streamwise driving pressure gradient, while F AL represent the actuator line forces exerted by the rotating wind turbine blades. The subgrid stress (SGS) tensor in Eq. (1), τ τ τ = uu T − u u T , arising from the noncommutativity of filtering with the nonlinear advection term, is modeled using an algebraic wall-damped Smagorinsky type eddy viscosity closure [35, 36] ,
where
The grid size in Eq. (2) is defined as = ( x y z ) 1/3 ( η is the grid size in the η direction defined as the local average distance between the GLL nodes in this direction [36] ), and the filter length scale is defined as l
(κ = 0.41 is Von-Karman constant, z 0 = z 0,lo ), with C 0 = 0.19, n = 0.5. The current model, through this specific choice of parameters {C 0 ,n}, explores a new parametric function for the control of the filter length scales, that represents a slower growth with the distance from the wall than in classical models [23, 24, 35] , which in fact exhibits a good fit with the growth of the filter length scales observed in dynamic models [23] . The proposed algebraic model can be viewed as a less expensive alternative to dynamic-based models that still provide reliable results in the calculations of the atmospheric flows, as is evident from the validation studies of the current model in the neutral atmospheric boundary layer simulations documented in Ref. [36] . where z is the distance between the bottom boundary and the first GLL point from the boundary in the vertical direction. We ensure that z/z 0 1 to satisfy the assumptions and the similarity laws in the near-wall model [37, [39] [40] [41] [42] .
To validate our spectral element near-wall LES model, the neutral ABL simulations have been conducted that have shown excellent logarithmic trends of the mean streamwise velocity in the inner layer (z/H 0.1) when compared against the state-of-the-art scale dependent dynamic Smagorinsky model [23, 24] , and accurate −1, − 5/3 scaling laws in the streamwise energy spectra. More technical details of the near-wall LES model and the specific choice of parameters can be found in Ref. [36] C. Actuator line model
In an actuator line model [31] , the blades with the aerofoil cross sections are divided into elements, similar to the blade element momentum theory (BEM), and the local lift (L) and drag (D) forces experienced by each element are calculated as (L,
, where c and w d are the chord length and the blade width, respectively. The local angle of attack, α, is computed from the relative velocity, V rel , streamwise velocity, u (ũ in LES) and the pitch angle, γ (Fig. 1) . The lift and drag coefficients, C l (α),C d (α) of the aerofoil are tabulated beforehand from DNS or wind-tunnel experiments and are used in the computation of the local aerodynamic force f = L e L + D e D (here, e L and e D are the unit vectors in the direction of the local lift and drag, respectively). In the current paper, C l ,C d were taken from the standard NACA aerofoil look-up tables [38] . The total reaction force from all the blade elements experienced by the fluid is distributed smoothly on several mesh points and is given as the actuator line force in the NS Eq. (1),
. The summation in the forces is over all N blade elements from the multiple wind turbine blades, and = 2 w d is used in the current study as suggested in Refs. [2, 31] for optimum results. The AL model is more advanced than the actuator-disc model [9, 22, 30] commonly used in numerical computations of periodic wind farms, in its capability to capture the tip-vortices being shed in the near-wake quite accurately [31, 38] . 
D. Computational setup
The computational domain utilized in this work to approximate the infinite wind farm setting is of rectangular geometry with dimensions 2πH × πH × H or 20πD × 10πD × 10D (H, D are the ABL thickness and the rotor diameter, respectively), as in Ref. [9] (see a schematic in Fig. 2 for details).
Wind turbines of fixed rotor diameter D = 0.1H are placed in the computational domain as organized arrays. Table I documents the geometrical and computational parameters of the layout for the four cases simulated.
The Reynolds number Re = U ∞ H/ν ∼ 10 10 has been set for all the cases, where U ∞ is the mean streamwise velocity at the top-edge of the boundary layer, which can be thought of as a representative of the geostrophic velocity in atmospheric flow driven by the pressure gradient and Coriolis forces [21, 43] . Normalization with U ∞ was found to provide a meaningful comparison of variables between the different cases in the periodic wind farm setting.
Case I is considered as a baseline case with s x = 7.85,s y = 5.23, and a hub height z h = D = 0.1H located in the inner layer. Case I has been chosen as a standard test case considered in several other studies [8, 9, 30] and is consistent with the parameters of realistic wind farms in United States and Europe. Cases IIa and IIb (see Table I ) will provide a way to study the influence of the streamwise and spanwise turbine distances on the large-scale structures in the MKE transport, while Case III will contribute to our understanding of the MKE transport with a higher hub-height reaching into the outer layer (z h = 0.33H ), where the influence of the wall is diminished as compared to z h = 0.1H . The bottom wall roughness z 0,lo = z 0 = 10 −4 H induced by topography is constant through all our simulation Cases I, IIa, IIb, and III. While the geometric roughness z 0,hi as a function of (z h ,s x ,s y ) can be calculated from the LES simulation data, the geometric roughness by the wind turbines can also be a priori estimated from the roughness measure by Lettau [44] , z 0,Lett = z h π/8s x s y . A comparison of Lettau roughness normalized by the aerodynamic wall roughness, z 0,Lett /z 0 in Table I clearly indicates that the geometric roughness is an order of magnitude higher than its aerodynamic counterpart and is sensitive to the hub-height and turbine arrangements. Cartesian spectral element collocated grid has been used in the simulations, with the number of elements and the total grid count for each simulated case listed in Table I . All simulations were performed with seventh polynomial order of approximation, which required eight GLL collocation points per element per direction. The grids were constructed to satisfy some specific resolution requirements: (a) for the actuator line model, one requires on the order of four spectral elements along the actuator line in the yz rotor plane with the current GLL resolution; (b) one needs at least one spectral element to cover the distance of one rotor diameter downstream of each turbine in the x direction. These refinements are necessary in order to capture the helical vortices and the wakes shed by the rotating turbines downstream, and hence the number of turbines (see Table I ) expectedly determines the grid requirements in the domain. Appendix A provides a more detailed documentation of the grid structure and grid resolution of the simulated cases.
The LES simulations as in Table I are computationally expensive requiring ∼O(10 7 ) grid points and have been started with statistically stationary neutral ABL initial condition obtained from a separate precursor simulation. The wind turbine (WT) simulations have been run for long enough to allow the WT domain achieve temporal invariance in the statistical sense. After that, spatiotemporal snapshot data of velocities are collected for a span of ∼50T e time (T e = 2πH/U ∞ is a flow-through time), which were used for spectral analysis involving Fourier transform.
III. RESULTS AND DISCUSSION

A. Statistics of infinite wind farms
The vertical variation of streamwise mean velocity profile for Cases I-III is shown in Fig. 3(a) . The baseline Case I is validated against the actuator-disc LES simulations of Calaf et al. [9] , illustrating the double log-layers as shown below:
Here, u * ,lo = √ τ w /ρ comes from the wall shear stress, while u * ,hi = − H ρ ∂p/∂x comes from the pressure gradient force. However, the friction scale velocities can also be approximated as u * ,lo ≈ −( u w + ū w )| z h −D/2 and u * ,hi ≈ −( u w + ū w )| z h +D/2 . While the Reynolds stresses −u w defined in the conventional way arise due to the correlation between u,w velocities, the dispersive stresses, − ū w , are a manifestation of the spatial heterogeneity of the u,w velocities, with ū =ū − ū , w =w − w ( − , temporal averaging; , xy averaging). However, the dispersive stresses are usually much smaller than the Reynolds stresses in infinite wind farms. A comparison of the total stresses τ xz (Reynolds + dispersive) for the different Cases I-III (Case I is also validated with Ref. [9] ) is shown in Fig. 3(b) . The comparison indicates that the differences in stresses in various wind turbine layouts for Cases I-III are more illustratively seen in the bottom wake region of the rotor manifesting the vertical energy entrainment. Since all the results involve the LES filtered variables, the tilde is dropped for brevity here and in subsequent plots and analysis. In infinite wind farms, the difference in turbulent shear stress (Reynolds + dispersive) flux component of the mean kinetic energy (MKE flux) at the top and bottom region of the rotor is responsible for the mean power per unit area generated by the wind turbines in the farm [6, 9, 21] . The MKE flux,
is plotted in Fig. 4 (a) for all the Cases I-III. The MKE flux difference,
was shown previously to correlate with the mean power density ρ mean ∼ p [9] . The mean power density,
N t i=1P i , can be calculated by averaging the temporal mean power P i over all N t turbines in the farm, and diving by the area s x D × s y D. Fig. 4 (b) manifests a strong correlation between p (MKE flux difference) and ρ mean in the present data, confirming the findings in Ref. [9] . The present data also indicates that the mean power density roughly scales with the geometric turbine roughness in the regime of investigated s x ,s y . It is understood however that such relationship is not supposed to hold once separation distances fall below a certain limit. As a 034601-7 reference, the temporal variation of the array-averaged power Fig. 5 .
B. Spectra of MKE flux
The spectra of the MKE flux p (z) and the MKE flux difference p defined in Eqs. (7) and (8) is of interest in this paper. The horizontal spectra of p (z) can be defined through the corresponding spectra of two-point correlations, see a more thorough discussion in Appendix B, aŝ where k x , k y are streamwise and spanwise wave numbers, is the notation for the Fourier coefficients, and * refers to the complex conjugate. The horizontal spectra of the MKE flux difference can be defined accordingly,
The Fourier coefficients can also be expressed as a function of streamwise, spanwise wavelengths, λ x ,λ y (λ x,y = 2π/k x,y ), and their integral in λ x ,λ y space contributes to the full value,
While Eq. (11) illustrates a cumulative effect of streamwise and spanwise length scales λ x ,λ y on the MKE flux difference, we can still define its one-dimensional counterpart, using a 2D Fourier transform and integrating over one wavelength direction. Equation (12) shows the one-dimensional MKE flux difference spectra, p (λ η ), η = x,y, isolating the spectral content in the streamwise and spanwise length scales, respectively,
where η = x, ζ = y, and vice-versa. Equation (13) below defines the cumulative spectral content of the 1D MKE flux difference in streamwise and spanwise length scales. For example, γ x (λ 0 ) shows the fraction of MKE flux difference, contained at length scales λ x λ 0 and γ η (0) = 1,
In the near-wall regime, robust scaling laws of the attached eddies [45, 46] can be observed in wind farms. For example, Case I in Fig. 6(a) shows the existence of the k −1
x scaling (λ 0 x scaling in premultiplied spectra) in the u energy spectra, which are manifestations of the overlap region of the scales of attached eddies with the integral length scales [36, 47, 48] . The k
in premultiplied spectra) of φ uw (cospectra) is an illustration of the near-wall organizations of Reynolds-stress carrying structures, as demonstrated in the correlation scaling of 1D spectra [36, 49] ,
034601-9 with E uu ∼ k Fig. 6(a) ]. Here φ uw = |ûŵ * |, E uu =ûû * , and E ww =ŵŵ * , where hat represents the Fourier transform and * represents the conjugate transpose. These correlated scaling regions were observed throughout the inner layer z < D. In 1D scenario, e.g., for variation only in λ x , integration of the spectral variables E uu ,E ww ,φ uw has been performed in the λ y direction. When compared to neutral ABL simulations (without wind turbines), we observe similar scaling laws, but for the wind turbine domain, the attached eddy scaling laws extend to larger length scales λ x > 10D. This observation is further corroborated in the 2D premultiplied spectra shown in Fig. 7 . The figure also illustrates that the vertical w spectra of wind farms at close to the wall locations, z < D, as well as u spectra and a cospectra at the same contour level, extend to much larger streamwise and spanwise length scales compared to the neutral ABL. This indicates that the 3D turbulent motions also increase in size near the wall, possibly due to the vertical entrainment of the mean kinetic energy flux in wind farms, which requires downdrafts or vertical motions from the high-speed regions above the turbine rotor toward the wall [12, 50] . Note that the higher locations in the boundary layer, e.g., at z = D and z = 8.75D, do not show this feature, as can be seen from the corresponding premultiplied spectra plots.
In general, Fig. 7 shows good trends of the linear dispersion, λ y ∼ λ x in the u spectra, corresponding to the active wall-normal motions as well as the power law scaling, λ y ∼ λ 1/3 x in both u,w energy spectra and the u w cospectra corresponding to the attached inactive motions [51, 52] . However, it must be appreciated that the 1/3 law scaling, unlike the wall-bounded turbulence [36, 49] , has its contribution both from the low-speed streaks near the wall, as well as from the spanwise 034601-10 x ) is present in the 1D spectra in the neutral ABL case at scales λ x > D. These scales are adequately resolved by the grid as evident from the details of the grid resolution presented in Appendix A. At scales lower than D, λ x < D, the drop in spectra is noticeable, which is explained by the fact that, although the scales down to ∼0.6D are still resolved by the grid (see Appendix A 2), they are also effected by the subgrid scale viscosity, since they correspond to the highest resolved wave numbers targeted by the subgrid scale dissipation. These scales are identified by gray patches in Figs. 6(a) and 6(b), following Ref. [53] . It can also be observed, that in neutral ABL, the decay rate of the spectrum at λ x < D is different in the inner and outer layer owing to decreasing eddy viscosity effects near the wall. The extent of the −5/3 law is smaller in wind turbine simulations that in the neutral ABL. Since these deviations are observed in the region of scales that are well resolved in both cases with and without wind turbines, this fact provides a room for hypothesis that the observed effect might be caused by the modulation of turbulence by wind turbines. Figure 8 shows the spectral content of k x p (λ x ), k y p (λ y ), the one-dimensional premultiplied spectral surrogates to the difference in MKE flux ( p ), which illustrates the contribution of streamwise and spanwise length scales in the mean power generated by the wind turbines. It must be noted that the spectra k η p (λ η ) have been further multiplied by A = s x s y D 2 , which enables us to compare the mean power P mean = ρ mean A of the turbines in the wind farm, instead of the mean power density. Although it might be slightly obscured in the premultiplied spectra plot of the Fig. 8 , where differences in smaller length scales are artificially exaggerated by multiplying by higher values of k x , k y , the largest discrepancies in the spectra and hence wind turbine power among different Cases I-III come from the larger length scales λ x ,λ y > 10D. It is clearly seen from the corresponding spectra plots that are not premultiplied by wave numbers (not included here). We do admit that larger length scales might also suffer from large uncertainties when it comes to their spectral characteristics due to their larger coherence times and a potential lack of a sufficient number of uncorrelated samples. In a separate uncertainty analysis of the MKE flux difference spectra at large length scales to the duration of the averaging time, it was concluded that the statistical uncertainty is less than 0.01% with the current averaging of 50 flow through times, both for the streamwise and the spanwise spectra. Additionally, we also observe the presence of negative contribution of k x p (λ x ), k y p (λ y ) in Cases I, IIa, and IIb (corresponding to the lower hub-height of z h = 0.1H , which is also equal to D) for streamwise and spanwise length scales in the order of turbine rotor diameter D. This negative contribution corresponds to the upward transfer of the MKE flux from the bottom to the top wake region, that does not contribute to the turbine power. It might be hypothesized that the updrafts in the small scales of motion are associated with the near-wall turbulence bursts that reach wind turbines with relatively low hub-heights of z h = D. While the contribution to the flux difference at smaller length scales λ x ,λ y ∼ O(D), is negative for Cases I, IIa, and IIb, it is observed that Case III corresponding to the higher hub-height of z h = 0.33H still contributes to 15% of p (λ x ) and 20% of p (λ y ), in those scale ranges. Since wind turbines now are three times higher (z h = 3D), the near-wall energetic motions do not reach the turbine rotor region any longer. It is suspected that the contribution to the power by the intermediate length scales ∼D in Case III mainly comes from the incoherent yet energetic outer scales of motion [52] . This can also be seen in the vertical spectra at z = z h + D/2 in Fig. 9 . The vertical spectra manifests the potential turbulent vertical motions ("downdrafts") due to the entrainment of mean kinetic energy, and when compared to neutral ABL data provides interesting revelations. At z = z h + D/2, the differences in the neutral ABL and WT spectra (Cases I, IIa, and IIb) occurs at λ x > 10D, while for Case III, the discrepancies can be seen at scales λ x > D in the outer layer, all of which contribute to the turbine power.
Peaks in the spectral flux difference k η p (λ η ), η = x,y (Fig. 8 in the premultiplied spectra) can still be observed in all the cases. This is primarily because of the fact that the −1/2 scaling law is also observed at similar λ x locations in both the top and bottom MKE flux; see Fig. 10 . Peaks corresponding to wind turbine placement are also observed in both the top and bottom MKE flux.
Another interesting phenomenon observed is the difference in the spectra in the Cases I, IIa, and IIb (different interturbine distances s x ,s y ), where the wind turbines have the same hub-height z h , and hence potentially would have the access to similar large-scale structures in the logarithmic layer [18, 19, 54] . The array-averaged turbine power (ρ mean s x s y D 2 ) in Cases IIa and IIb is slightly higher than in Case I (see Fig. 5 ), due to a better wake recovery owing to less number of turbines per unit area [6, 10] . Cases I, IIa, and IIb demonstrate a completely different dynamics at streamwise and spanwise length scales larger than D, below which the SGS dissipation is dominant. higher s x × s y , Cases IIa and IIb compared to Case I manifest higher magnitudes of updrafts at scales ∼D and subsequently larger magnitudes of MKE flux downdrafts at scales >10D as well, which might be related to a diminished effect of wake interference, otherwise inhibiting energetic near-wall updrafts and outer layer downdrafts. It must be noted that, when integrated over all length scales, a relative surplus in positive and negative contributions in Cases IIa and IIb partially cancels out, subsequently providing comparable values of power in Cases I, IIa, and IIb. The fact that the spectral content of the MKE flux difference (Fig. 8) is quite different at different length scales provides a room for a hypothesis that the arrangements of wind turbines (s x ,s y ) actually modulate the large-scale organizations in the log layer. From the spectra of Cases I, IIa, and IIb [Figs. 8(a) and 8(b)], it is thus clear that increasing s x allows the wind farm to take advantage of much larger streamwise structures, since in Case IIa, contribution to mean power is the highest for length scales >10D. Increasing s y allows for wider structures (λ y > λ x ) to contribute to the farm power [ Fig. 8(b) ], but streamwise horizontally anisotropic motions are more energetic than their spanwise counterparts [19] , thus the spectral power contribution (MKE flux difference) in Case IIb at length scales λ x < 10D [ Fig. 8(a) ] is larger than in Case IIa.
The modulation of large-scale structures can be further understood from the visualization of the isosurfaces (Case I) of streamwise velocity at 65% and 95% of U ∞ in Fig. 11 , depicting the region z < z h + 0.75D. The isosurface plot shows that the presence of wind turbines generate the more energetic patches, u = 0.95U ∞ , propagating downstream, in between the surfaces of u = 0.65U ∞ , which are not prominently seen in the neutral ABL flow, without the turbines.
While the above discussion provides a qualitative visualization, a quantitative aspect of the modulation of large-scales structures can be observed from the plots of integral length scales, which demonstrate a measure of correlated large scales of motion. Figure 12(a) shows the variation of integral length scales L uu with wall-normal distance, the definition of the integral length scale used in the current study being given in Appendix C. Since the integral length scales are bounded by 30D in all cases, which is less than half of the largest resolved streamwise wavelength L x = 20πD imposed by the domain length, one can conclude that the computed integral length scales are not numerically influenced by the imposed periodicity of the domain. It is interesting to observe that the integral scales in Cases I, IIa, IIb, III and the neutral ABL without turbines are more or less similar in the outer layer but manifest a marked difference in the inner layer and at hub-height. This also corroborates that the modulation of the structures in wind farms are not only caused by the direct turbulence-turbine interaction at hub-heights but also due to the "downdrafts" of the MKE flux as also analyzed in Fig. 8 . The integral length scales in Fig. 12(a) wind farm. Between Cases I, IIa, and IIb, which are at the same hub-height, the integral length scales in the bulk of the boundary layer grow in magnitude as s x /s y is decreased. When Cases I and IIa are compared, which have the same s y but different s x , Case IIa with the smaller streamwise turbine separation manifests larger length scales, since the streamwise wakes of the concurrent turbines effectively merge producing longer structures, while they have more time to recover and mix before hitting the downstream turbines in Case I. Similarly for a fixed s x , increasing s y from Case I to IIb allows the correlated structures in the wakes to grow more with smaller spanwise interference. Case III at a higher hub-height z h = 0.33H (outer layer) manifests a peak of a similar magnitude at hub-height as Case I with the same s x , s y , showing a consistent trend in the influence of the turbine separation distances on the peak integral length scales, irrespective of the hub-height. While the vertical diffusion of length scales from the hub-height location might seem smaller in Case III in Fig. 12(a) , this is due to the logarithmic scaling of z axis and is, in effect, similar between all the cases. Nonetheless, the overall dependence of L uu (z) is markedly different in Case III than in other cases, showing significantly smaller length scales in the inner layer, due to a reduced influence of the enhanced turbulence structures at hub-height, that are now significantly further away, on the inner layer turbulence.
The discussions above are further corroborated by the cumulative spectral content of the MKE flux difference, γ x ,γ y , at streamwise and spanwise length scales, for different cases (see Fig. 13 ). The large-scale motions with scales greater than 10D contain >80%, even more so for streamwise motions, of the spectral flux difference, while scales smaller than 10D contribute to less than 20% of the spectral flux difference among the resolved scales 0.6D < λ x < 60D, 0.5D < λ y < 30D, see Appendix A for the discussion of the resolved scales. The maximum discrepancies among Cases I-III for γ x , γ y occur at the large length scales >10D, while they are almost identical for smaller scales <4D. Further, the maximum discrepancies in the spectral content occur between Case III and the other cases both for γ x and γ y , amounting to a difference of ∼20% in γ y . As mentioned earlier, with the statistical uncertainty in spectra of less than 0.01% over the chosen averaging time of 50 T e , the observed discrepancies are attributed to the physical flow features and not spectral uncertainties. This indicates that the large-scale structures, that are generated around the hub-height as seen earlier, in Case III have higher energy content than in Cases I, IIa, and IIb, probably due to the fact that they reside in the outer layer where convective velocities are higher. This can also be observed in Fig. 8 , where Case III has consistently higher values of MKE flux difference at length scales λ x ,λ y 11D. A summary of the dynamics of different length scales in our simulated wind farms is provided in Table II . These results are observed to be in line with the findings of the large-scale motions [19] of wall bounded turbulence, or the large roller-mode structures in POD of infinite wind farms [30] . x , which is quite different than the 1/3 power-law dynamics. This hints towards the fact that for Case IIb, while there is an evidence of wider structures for the downdrafts, thinner intermediate scales might be responsible for the updrafts compared to Cases I and IIa. Also illustrative from the figures is the fact that the eddies responsible for the negative contribution of the spectra manifest a greater degree of horizontal anisotropy (λ x > λ y ) than for the eddies accountable for the positive contribution.
The 1/3 power law in the 2D spectra of the MKE flux difference [Figs. 14(a)-14(d)] for different cases is expectedly also present in the spectra of the MKE flux (Fig. 15) , and also in the 2D u,w,uw spectra as shown in Fig. 6(b) for the different turbine layouts in Cases I-III. This justifies that the 1/3 power law is a manifestation of coherent interactions in the flow field, which is invariant of the turbine layout. A scaling analysis is also present below, to justify the power law. The width of the turbine wake, δ y , grows in the streamwise direction, in accordance with the turbulent mixing laws in the wake region, z h − D/2 < z < z h + D/2. Assuming the width and the height of the wakes are the same for circular turbine wakes, the dispersion relation of the wake width in a background turbulence is
where ν w can be thought of as a wake eddy viscosity corresponding to the wake mixing [9] , and t e is the lifetime of the eddies in the wake region. The streamwise convection of wakes occurs mainly as a shear layer, with the streamwise wavelengths λ x ∼ Sδ y t e , where S is the velocity gradient scale in the mixing length region. As shown in Fig. 16 , the low velocity wake regions at hub-height location z = z h = 0.1H amidst the high velocity atmospheric turbulence impose a shear scale S due to the spanwise modulation of the streamwise flow similar to the near-wall streaks. Consequently, substituting eddy lifetime t e ∼ λ x /(Sδ y ), in the turbulent dispersion relation δ y ∼ (ν w t e ) 1/2 one can obtain an equation below in a nondimensional form, simulations. This illustrates that the coefficient β of the scaling law maintains the same order of magnitude for all the cases, but is conspicuously affected by the hub-height z h of the wind farm.
IV. CONCLUSION AND FUTURE WORK
In this work we study the large-scale structures involved in the power generation of large wind farms with different geometric roughness z 0,hi (different turbine layout) in the asymptotic limit using Fourier analysis. In particular, we focus on the parametric study of increasing wind farm power by increasing the geometric roughness, from the perspective of the dynamics of the length scales in the farm. By investigating the spectra of the mean kinetic energy flux difference at the top and bottom wake region over the global computational domain, we observe that large streamwise anisotropic eddies of length scale >10D (D is the turbine rotor diameter) that contain over 80% of the flux spectral content are responsible for the power generation in large wind farms. Rather different dynamics are observed at length scales ∼O(D) for the different cases with parametric variation in s x ,s y ,z h . For farms with lower hub-height (z h ), scales ∼O(D) are also responsible for the negative contribution or the upward vertical entrainment of the MKE flux, that does not contribute to the wind turbine power.
At larger scales λ x > 30D, the near-wall k
scaling corresponding to the attached eddies were observed in the MKE flux as well as the flux-difference spectra. We also notice a regime of robust 1/3 scaling law (λ y ∼ λ 1/3 x ) in the 2D premultiplied MKE flux difference spectra, similar to the energy and cospectra, arising due to the background turbulent dispersion of the wake shear layer in the wind farm. Additionally, the two-dimensional spectra of the MKE flux difference also elucidate on the horizontal anisotropy of the eddies that make significant contribution to the power generation. In general, from the spectra of u, w energy, as well as the integral length scales it is apparent that the enlargement of eddy sizes near the wall is caused by the downdraft of vertical turbulent motions due to the mechanism of MKE flux entrainment. As a final remark, we also want to highlight about the modulation of large-scale structures in the wind farms, where eddies containing high amount of turbulent kinetic energy were observed near and around the hub-height location of wind farms (such nonuniform distribution of energy-containing eddies across the boundary layer was not seen in the case without the wind farms). These modulations of large-scale structures were also quantitatively estimated by computing the vertical variation of the integral length scales showing peaks in wind farm layouts when compared to neutral ABL flows without wind turbines. These effects can be potentially explored for a possibility of efficient, symbiotic, design of wind farms where smaller turbines are placed in between the larger ones in a vertically staggered orientation, so that an "optimized" energy harvesting can be achieved. for the SEM is reported in the mean sense, by dividing spectral element size e x,y,z in the x,y,z direction (which is invariant in each direction in the present ABL simulations) by the order of the Legendre polynomial p. While the grid resolution of previous neutral ABL simulations displays a considerable amount of scatter, our spectral element grid parameters appear to be consistently within the range of this scatter. Furthermore, our previous work [36] has revealed that our spectral element grid sizes were within the requirements of High-Accuracy-Zone of Brasseur and Wei [25] , as was manifested by the proper logarithmic trends of the mean velocity profile and correct spectral scaling laws in ABL for our best-performing subgrid-scale model [36] utilized in the current work.
Along similar lines, Table IV manifests the grid resolution of periodic wind farms from the previous literature as compared against the spectral element simulations. The current wind turbine array boundary layer (WTABL) grids for all the cases were obtained by refinement of the base spectral-element ABL grid discussed above. It was thus ensured that the WTABL grids are first of all adequately resolved for correctly capturing the atmospheric boundary layer trends with LES. While most of the previous periodic wind farm simulations relied on the actuator disk models for the turbines and had uniform grid spacing, our spectral element simulations with the actuator line model for wind turbine blades manifests grid nonuniformity. In addition to a nonuniform clustering of GLL quadrature points within each element discussed previously, the actuator line model also requires nonuniform size of the elements in order to properly capture the helical vortices propagating downstream of the turbines [31, 38] . The grid parameters x , y , z in Table IV for the SEM cases are thus defined in the global mean sense and represent the ratio of the domain size in a given direction to the total number of collocation points in this direction, η = L η /(N e η p). 
Resolved scales in LES simulation
The refinement of the ABL grid to correspond to the periodic wind farm cases was done according to the rules described below. A schematic of the refinement of grids near the wind turbine rotors is also provided in Fig. 17 . The description below follows the example of grid for Case I, while the grids for the other Cases IIa, IIb, and III are designed based on a similar logic. It must be noted that even though the neutral ABL grid has the elements of a uniform size in x, y, z directions, the location of the wind turbines is not necessarily at the element boundaries. Thus, in Fig. 17 , the streamwise and spanwise element refinements shown are representative of all the turbine rotors in the 4th row and the 1st column, respectively. Even though the elements stretched in the streamwise and spanwise direction during the refinements of WT grids for differently located turbines may be slightly different in size, the essential idea behind the refinement remains the same as illustrated in Figs. 17(a) and 17(b) . The wall-normal refinement shown in Fig. 17(c) holds for all the turbine rotors.
(a) A baseline ABL grid documented in Tables I and III for six turbines in each of six rows, while subsequently stretching only the neighboring elements as required. Total number of spanwise elements in the WT array is 20 + 6 × 6 = 56 (d) Vertical (wall-normal) refinement of grids near WT rotor: eight elements in the vertical direction are added in the rotor region that uniformly span the rotor-swept area of diameter D for six turbines in each of six rows. While grids in the near-wall region are thus substantially refined, grids in the outer layer region are stretched proportionately (while still being in the high-accuracy zone [25] of vertical grids) to maintain the same number of spectral elements (N e z = 24) in the vertical direction. Table V shows the minimum and maximum grid resolution of the current spectral element wind farm simulations, averaged over the GLL points within the element. This demonstrates that spectral elements of size that are an order of magnitude smaller are present near the "actuator lines" than in the region far away from the turbines. Note that the minimum and maximum element sizes do not depend on a case, since the element refinement and stretching is local to the turbines and does not depend on the number of turbines.
Tables IV and V illustrate that the grid sizes chosen for the current wind farm spectral element simulations are on par with the finer resolution simulations from the previous literature. Furthermore, the current exponentially accurate spectral element methodology provides nondissipative and lowdispersive numerical schemes beneficial for large eddy simulations [36] , which conforms to the ideas of utilizing highly accurate numerical schemes for a proper description of turbulent interactions in WT arrays [9] . The smallest resolved length scale of the neutral ABL simulations can be defined using the Nyquist criterion as
where e η is the element size in the η direction, p is the order of the polynomial approximation, and η is the "mean" grid size presented in Table III . This definition aims to reconcile the high-order approximation defined on spatially varying GLL points, and the classical Fourier approximation of the same resolution. It is thus seen from Table III that the smallest resolved length scale corresponds to λ x,resABL = 0.058H = 0.58D and λ y,resABL = 0.044H = 0.44D.
For WTABL grids, the element resolution is nonuniform, and, while the largest element sizes are on par with these of the ABL grid, the resolution near the wind turbine rotors is about ten times finer, which means that the length scales that are on the order of magnitude smaller, are captured by the grid around the location of wind turbines. However, during Fourier analysis, the scale contribution is defined in a sense of a global averaging, and the spatial information is lost. In this sense, the contribution to the Fourier spectra at a particular wave number comes from the spatial regions where this wave number might be resolved, and where it might be unresolved. As a result, different physics captured in different regions of the grid is manifested as a combined effect in the spectra at wavelengths λ x,y < λ η,resABL . Therefore, only the length scales that are adequately resolved everywhere in the computational domain can be considered reliable in the context of Fourier spectral analysis, and we thus restrict our analysis to the length scales λ x > λ x,resABL ∼ 0.6D, and λ y > λ y,resABL ∼ 0.5D in this paper. Multiresolution features of the grid and the ability to capture different scales of motion at different spatial locations can potentially be explored with multiresoluton analysis techniques such as wavelets, and is left for the future work. Practically, the spectral analysis in the current study is accomplished by spectrally interpolating the results of the LES simulations onto a uniform grid for Fourier analysis, with 1024 × 512 gridpoints, which gives an effective Fourier grid resolution of 
Two-point correlations
Note that turbulence in wind turbine array boundary layers is vertically and horizontally inhomogeneous. For a given height z, we define a two point correlation between the points x r = (x, y), x r + r = (x + x ,y + y ) through an averaging in a horizontal plane,
Here u i refers to the turbulent velocity fluctuations in the i
is the rectangular patch corresponding to the xy plane at each z location, denotes the ensemble average. Due to invoking of the horizontal average, the correlation R u i u j (r,t; z) is only a function of the point separation r, and not the points themselves, x r ,x r + r.
For homogeneous turbulence, we can impose an equivalence between the spatial average and the ensemble average, thus recovering the classical definition of two point correlation, R u i u j (r,t; z) = u i (x,t; z)u j (x + r,t; z) [34] . In inhomogeneous turbulence, we need to perform a spatial averaging explicitly to recover that. Furthermore, for statistically stationary flows, the ensemble average can be replaced with the temporal average (due to ergodicity), as is done in the subsequent sections owing to a statistical stationarity of both ABL and WTABL flows with the temporally invariant mean wind, as considered in the current paper. This makes the two point correlation in Eq. (B1) time-invariant, as R u i u j (r; z).
Definition of spectra
The energy spectra for the inhomogeneous WTABL arrays can be defined from the Fourier transform of the two-point correlation as follows:
where k r denotes the two dimensional wave number k r = (k x ,k y ). Thus, the spectral content of R u u (r; z), R w w (r; z), corresponds to the streamwise and wall normal energy spectra, while that for R u w (r; z) is representative of the spectra of the kinematic shear stress (cospetra), which is required for the calculation of the MKE flux spectra in Eq. (9). The energy spectra as well as the kinematic shear stress cospectra are numerically evaluated aŝ
This is an outcome of the convolution theorem, illustrating that transform of the convolution of two variables in the physical space is equal to the product or their individual transforms in the spectral space [34] .
APPENDIX C: INTEGRAL LENGTH SCALES
The integral length scales can be calculated from the correlation coefficients, constructed from the two-point correlations discussed in the previous section. In the current paper, for the neutral ABL and the WTABL arrays, we consider the integral length scales calculated from the correlations of the streamwise velocity fluctuations, ρ u u (r; z), which play a dominant role in the turbulence statistics. Figures 18 and 19 reflect the 2D correlation coefficient ρ u u (r; z) for the wind farm Cases I, IIa, IIb, and III and the neutral ABL (without wind turbines) at two different wall-normal locations. 
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While at the outer layer, z = 8.75D (Fig. 19) all the wind farm layouts and neutral ABL display similar features of the gradual decay of the correlation coefficient ρ u u with increasing separations x , y , the correlation coefficient at hub-height locations of wind farms (z = D for Cases I, IIa, and IIb; z = 3.3D for Case III) and the neutral ABL at z = D, manifests remarkably different behavior. At z = D, the correlation coefficient of neutral ABL illustrates a single peak, while ρ u u at the hub-heights of different wind farm layouts manifests multiple peaks in line with the matrix arrangement of the wind turbines. It must be noted that similar peaks in the spectral picture were also observable in Figs. 6(a), 8, and 10 .
Integral length scales in the current paper plotted in Fig. 12 are defined as
by utilizing the correlation coefficient ρ u u ( x ,0; z) between the two points separated only at the streamwise direction, at the same spanwise location y. As can be seen from Figs. 18 and 19, this definition of length scales, from choosing two points x r = (x,y),x r + r = (x + x ,y) at a fixed spanwise location in the construction of the two point correlation in Eq. (B1), and subsequently the correlation coefficient, while averaging in the spanwise direction, yields the upper bound on length scales owing to highly correlated motions in the presence of streamwise dynamics. The contours of ρ u u further help us understand the reason for the modulation of integral length scales in the wind farms compared to the neutral ABL (without turbines).
